In this paper we prove a fixed-point theorem for a class of operators with suitable properties, in very general conditions. Also, we show that some recent fixed-points results in Brzdȩk et al., 2011 and Brzdȩk and Ciepliński 2011 can be obtained directly from our theorem. Moreover, an affirmative answer to the open problem of Brzdȩk and Ciepliński 2011 is given. Several corollaries, obtained directly from our main result, show that this is a useful tool for proving properties of generalized Hyers-Ulam stability for some functional equations in a single variable.
Introduction
The study of functional equations stability originated from a question of Ulam 1 , concerning the stability of group homomorphisms. In 1941 Hyers 2 gave an affirmative answer to the question of Ulam for Cauchy equation in Banach spaces. The Hyers result was generalized by Aoki 3 for additive mappings and independently by Rassias 4 for linear mappings, by considering the unbounded Cauchy differences. A further generalization was obtained by Gȃvruţa 5 in 1994 , by replacing the Cauchy differences by a control mapping ϕ, in the spirit of Rassias approach. See also 6 for more generalizations. We mention that the proofs of the results in the above mentioned papers used the direct method of Hyers : the exact solution of the functional equation is explicitly constructed as a limit of a sequence, starting from the given approximate solution. We refer the reader to the expository papers 7, 8 and to the books 9-11 see also the papers 12-17 , for supplementary details .
On the other hand, in 1991 Baker 18 used the Banach fixed-point theorem to give Hyers-Ulam stability results for a nonlinear functional equation. In 2003, Radu 19 proposed a new method, successively developed in 20 , to obtaining the existence of the exact solutions and the error estimations, based on the fixed-point alternative. Concerning the stability of some functionals equations in a single variable, we mention the articles of Cȃdariu and Radu 21 , of Miheţ 22 , which applied the Luxemburg-Jung fixed-point theorem in generalized metric spaces, as well as the paper of Gȃvruţa 23 Ciepliński 30 , in complete non-Archimedean metric spaces as well as in complete metric spaces. Also, they formulated an open problem concerning the uniqueness of the fixed point of the operator T, which will be defined in the next section.
Our principal purpose is to obtain a fixed point theorem for a class of operators with suitable properties, in very general conditions. After that, we will show that some recent results in 29, 30 can be obtained as particular cases of our theorem. Moreover, by using our outcome, we will give an affirmative answer to the open problem of Brzdȩk and Ciepliński, posed in the end of the paper 30 . Finally, we will show that main Theorem 2.2 is an efficient tool for proving generalized Hyers-Ulam stability results of several functional equations in a single variable.
Results
We consider a nonempty set X, a complete metric space Y, d , and the mappings Λ :
We recall that Y X is the space of all mappings from X into Y.
In the following, we assume that Λ satisfies the condition:
C 1 for every sequence δ n n∈N of elements of R X and every t ∈ X,
Also, we suppose that ε ∈ R X is a given function such that Abstract and Applied Analysis
Theorem 2.2. One supposes that the operator T is Λ-contractive and the conditions C 1 and C 2 hold. One considers a mapping f ∈ Y X such that
Then, for every t ∈ X, the limit
exists and the mapping g is the unique fixed point of T with the property
Moreover, if one has
then g is the unique fixed point of T with the property
Proof. We have
Indeed, for n 0, the relation 2.10 is 2.5 . We suppose that 2.10 holds. Since T is Λ-contractive, we have
By using the triangle inequality and 2.10 , we obtain, for n > m
Hence the sequence {T n f t } n∈N is a Cauchy sequence. Since Y, d is complete, it results that there exists g ∈ Y X defined by
Then, in view of 2.12 , we get 2.7 . Now, we prove that g is a fixed point for the operator T. To this end, we show that T is a pointwise continuous. Since T is a pointwise continuous, we obtain
It is easy to prove that g is the unique point of T, which satisfies 2.7 : for n → ∞ in 2.12 , it results
2.16
If g 1 is another fixed point of T such that 2.7 holds, then we have
2.17
Hence
so letting m → ∞ we obtain d g 1 t , g t 0 for t ∈ X. Thus g 1 g. To prove the last part of the theorem, we take m 0 in 2.7 and we obtain 2.9 . Moreover, if C 3 holds and g 2 is another fixed point of T such that 2.9 is satisfied, then we have
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2.20
Letting n → ∞, we obtain d g 2 t , g t 0, for t ∈ X, so g g 2 .
Corollary 2.3. Let X be a nonempty set, Y, d a complete metric space, and let Λ : R X → R X be a nondecreasing operator satisfying the hypothesis C 1 .
If
and the functions ε : X → R and ϕ : X → Y are such that
then, for every x ∈ X, the limit
exists and the function ψ ∈ Y X , defined in this way, is a fixed point of T, with
2.24
Moreover, if the condition C 3 holds, then the mapping ψ is the unique fixed point of T with the property
Proof. To apply Theorem 2.2 it is sufficient to show that the operator T from the above corollary is Λ-contractive, in the sense of the Definition 2.1. To this end, let us suppose that
By using 2.21 and the non-decreasing property of Λ, we obtain that
Hence T is Λ-contractive. The uniqueness follows from Theorem 2.2. X be a nonempty set, Y, d a complete metric  space, f 1 , . . . , f s : X → X, and let L 1 , . . . , L s : X → R be given maps. Let Λ : R X → R X be a linear operator defined by
exists and the function ψ ∈ Y X so defined is a unique fixed point of T, with
Proof. We apply Theorem 2.2. Therefore, it is necessary to prove that the operator T, defined in 2.28 , is Λ-contractive. To this end, let us suppose that ξ, μ ∈ Y X , δ ∈ R X and
By using 2.28 and 2.29 , we obtain that
On the other hand, from definition of Λ, it results immediately that the relation C 1 holds.
The uniqueness of ψ results also from Theorem 2.2. To this end, we prove that the linear operator Λ satisfy the hypotheses C 3 :
2.35
Thus
The following result of generalized Hyers-Ulam stability for the functional equation:
can be also derived from Theorem 2.2. The unknown mapping is ϕ; the others are given functions.
Corollary 2.5. Let X be a nonempty set, let Y, d be a complete metric space, and let the operators
We suppose that Θ is Λ-contractive, the conditions C 1 and C 2 hold, and let one consider a function ϕ ∈ Y X such that
for the given mappings f 1 , . . . , f s : X → X. Then, for every x ∈ X, the limit
where for the given mappings L 1 , . . . , L s : X → R and δ : X → R , we obtain the Corollary 3 in 29 .
From Theorem 2.2 we obtain the following fixed-point result. 
